Using parametric form of fuzzy functions, we convert a linear two-dimensional fuzzy Fredholm integral equation of the second kind (2D-FFIE-2) to a linear system of Fredholm integral equations of the second kind with three variables in crisp case. In this paper an iterative method is presented to find the approximate solution of 2D-FFIE-2. Also a proof of convergence of this method is discussed in detail. Finally, the proposed method is illustrated by two numerical example.
Introduction
The concept of integration of fuzzy functions was first introduced by Dubois and Prade. Alternative approaches were later suggested by Goetschel and Voxman [4] , Kaleva [6] , Matloka [7] , Nanda [8] and others. One of the first applications of fuzzy integration was given by Wu and Ma (Wu et al. 1990 ), who investigated the fuzzy Fredholm integral equation of the second kind (FFIE-2). In recent years, some numerical methods have been introduced to solve (FFIE-2). These methods can be found in [5, 9, 13] . Also, some numerical methods are presented to solve two-dimensional fuzzy Fredholm integral equations of the second kind; for example, see in [10, 11] . In this work, we apply kernel iterative method for solving 2D-FFIE-2. This paper is organized as follows: in section 2, we briefly mention the basic notations of fuzzy number, fuzzy function and fuzzy integral. 2D-FFIE-2 and it's parametric form are discussed in section 3. In section 4, the proposed algorithm is illustrated, also a proof of convergence of the method is discused in this section. We apply the method for two examples in section 5.
preliminaries
Definition 2.1. [4] The parametric form of a fuzzy number u is a pair of functions (u(r), u(r)), 0 ≤ r ≤ 1, which satisfies in the following requirements: 1. u 
(r) is a bounded, continuous, monotonic increasing function over
[0, 1].
u(r) is a bounded, continuous, monotonic decreasing function over
The set of all fuzzy numbers is denoted by E 1 . 
Definition 2.2. [12] For arbitrary fuzzy numbers u = (u(r), u(r)), v = (v(r), v(r)) and real number k, we have
(u + v)(r) = (u(r) + v(r), u(r) + v(r)), (u − v)(r) = (u(r) − v(r), u(r) − v(r)), (ku)(r) = { (ku(r), ku(r)) k ≥ 0, (ku(r), ku(r)) k < 0. Lemma 2.1. [1] Let (u(r), u(r)), 0 ≤ r ≤ 1, be a given family of non-empty intervals. If 1) (u(r 1 ), u(r 1 )) ⊇ (u(r 2 ), u(r 2 )) for 0 ≤ r 1 ≤ r 2 ≤ 1, 2) (lim k→∞ u(r k ), lim k→∞ u(r k )) = (u(r), u(r)),D(u, v) = max { sup |u(r) − v(r)| , sup |u(r) − v(r)| 0 ≤ r ≤ 1 0 ≤ r ≤ 1 } ,
is called the distance between u and v.
It is shown that (E 1 , D) is a complete metric space [7] . 
provided that this limit exists in metric D.
If the function f (x, y) is continuous in the metric D, it's definite integral exists. Furthermore, 
where M = max (x,t)∈T |k(x,t)|, then equation (2.1) has a fuzzy unique solution.
3 Two-dimensional fuzzy integral equation
The linear two-dimensional fuzzy Fredholm integral equation of the second kind (2D-FFIE-2) is
where u(x, y) and f (x, y) are fuzzy functions on
are parametric form of fuzzy functions f (x, y) and u(x, y), respectively. By substituting these forms into (3.3), we have
y, s,t)(u(s,t, r), u(s,t, r))dsdt,
using the definition of fuzzy integral and fuzzy arithmetic for the above equation, we have the following cases for the parametric form of 2D-FFIE-2:
where (3.4) and (3.5) are integral equations in three-dimensional space in crisp case. 6) where (3.6) is the parametric form of (3.3). It is clear that (3.6) is a system of three-dimensional integral equations in crisp case.
Kernel iterative method
In this section we illustrate kernel iterative method for solving (3.3) . First, we consider case 1 and apply the method for equations (3.4) and (3.5). For equation (3.4) we define the sequence {u i (x, y, r)} ∞ i=0 as follows:
and we define the solution of (3.4) as:
Also, by this method the solution of (3.5) is
where
Now we consider case 2 and apply the method for the system of equations (3.6). We define sequences
as follows: Proof. Let (x, y) ∈ V, 0 ≤ r 1 ≤ r 2 ≤ 1, since f is a fuzzy function, we have
because λ k is a negative function:
(4.14) using (4.11) and from (4.13), (4.14), we have
by doing above procidure, we obtain u n (x, y, r 1 ) ≤ u n (x, y, r 2 ) ≤ u n (x, y, r 2 ) ≤ u n (x, y, r 1 ), n ≥ 2, In the following theorem we bring the sufficient condition for converging the mentioned method to the exact solution.
Theorem 4.1. Let k(x, y, s,t) be a continuous function over S and f (x, y) be a fuzzy continuous function on V . If
where M = max (x,y,s,t)∈S |k(x, y, s,t)|, then kernel iterative method is convergence.
Proof. Without less of generality, we suppose that λ k is a negative function on S. So, we consider system of integral equations (3.6), and prove the theorem. First, assume that u(x, y, r) and u(x, y, r) is the exact solution of (3.6). We consider two sequences
, that are defined in (4.11) and show thay converge to the solution of (3.6). Without less of generality, we assume that n is odd, so we have
n is a convergent series, so u n (x, y, r) is uniformly convergent. On the other hand The exact and obtaind solutions of 2D-FFIE-2 at (x, y) = (0.3, 0.6) for some variant values of r are compared in Table  1 and illustrated in Figure 1 . 
In this example the kernel function is positive on Table 2 shows exact and approximate solution at (x, y) = (0.3, 0.6) for some variant values of r. 
Conclusion
In this work, we present a numerical method for solving 2D-FFIE-2. We can see that, solving a linear twodimensional fuzzy Fredholm integral equation of the second kind is converted to solving a system of linear Fredholm integral equations of the second kind with three variables. We show that solution that is obtained in this method is a fuzzy solution. Moreover, the convergence theorem has been presented for the mentioned method.
